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An eight-dimensional quantum mechanical Hamiltonian has been proposed based on Palma and
Clary’s model in which the non-reacting CZ3 group keeps a C3v symmetry in the X + YCZ3 ↔
XY + CZ3 reaction J. Palma and D. C. Clary [J. Chem. Phys. 112, 1859 (2000)]. By transforming the original Cartesian coordinate system (x, s) into a scaled polar coordinate system (q, γ ), the
vibrational Hamiltonian of CZ3 group is expressed in a simple form with a clear physical picture.
This Hamiltonian is used to investigate the H + CH4 → H2 + CH3 reaction on the Jordan-Gilbert
potential energy surface. The total reaction probabilities are calculated for the initial ground state,
and umbrella, bending, symmetric, and asymmetric stretching excited states of CH4 with total angular momentum J = 0. The integral cross sections for the reaction are also studied for these initial
vibrational states with a centrifugal-sudden approximation. The total integral cross sections for the
asymmetric stretching vibrational excited state are in good agreement with the experimental observations. The results also showed the difference of dynamical behavior between reactions from
symmetric and asymmetric stretching excited states. The thermal rate constants are calculated for the
temperature range T = 250–2000 K and compared with the experimental and other theoretical results.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4764358]
I. INTRODUCTION

X + CH4 is an important type of elementary chemical reaction and has been extensively studied both
experimentally1–18 and theoretically.19–50 Recently impressive
progresses have been made in the experimental studies of H
+ CH4 ,12 F + CH4 ,17 O + CH4 ,18 and Cl + CH4 14 reactions
and presented new challenges to theoretical chemists.
Due to the quantum nature of chemical reactions, quantum dynamics methods should be employed to obtain the rigorous information. However, the number of the basis functions in quantum dynamics studies increases exponentially
with the increase in the size of system and full-dimensional
calculations are extremely difficult for polyatomic reactions.
Currently the detailed state-to-state quantum dynamics calculations could only be carried out for a few prototype tetraatomic reactions such as H + H2 O51–53 and OH + CO.54
For the reactions including five atoms, the full-dimensional
quantum dynamics studies for the reactions such as H +
NH3 55 and H2 + C2 H56 have been reported by Yang and
Wang, respectively. The initial state-selected total reaction
probabilities55, 56 and total integral cross sections (ICSs)55
were obtained. For a reaction consisting of six atoms, the
full-dimensional multi-configuration time-dependent Hartree
(MCTDH) methods have been used to evaluate thermal rate
constants and cumulative reaction probabilities for J = 0 of
reaction H + CH4 48 and the initial state-selected reaction
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probabilities for the same reaction have also been obtained
from a transition state point of view.49
Because of the increasing experimental observations of
the initial state-selected X + CH4 reactions,12, 14, 15, 18 the
accurate quantum dynamics calculations with reasonable
computational costs are important for the interpretation of experimental results. As a full-dimensional quantum dynamics
calculation is difficult to achieve at present, a number of reduced dimensional models have been proposed. The reaction
H + CH4 → H2 + CH3 has been viewed as an ideal model
for different theoretical approaches. Takayanagi reported a
reduced three-dimensional (3D) study by approximating H
+ CH4 to a collinear four-atomic system.20 Yu and Nyman
included the umbrella mode in their four-dimensional (4D)
treatment with a rotating bond approximation (RBA).25 Recently, Wang and Bowman have performed a six-dimensional
calculation by approximating the three hydrogen atoms in
CH4 group as pseudo-atoms,31 and the semi-rigid vibrating rotor target (SVRT) model proposed by Zhang has been
applied to this reaction in which the reacting polyatomic
molecule CH4 is treated as a semi-rigid vibrating rotor.34
Palma and Clary have also suggested a quantum mechanics model for X + YCZ3 reaction, in which the non-reacting
CZ3 group is restricted to a C3 v symmetry.23 The exact implementation of this model requires quantum dynamics calculations treated using an eight-dimensional (8D) Hamiltonian.
Palma and Clary have studied H + CH4 and O + CH4 reactions using a further simplified version, e.g., a collinear fourdimensional Hamiltonian.24 In this Hamiltonian, the umbrella
motion, symmetric, and asymmetric stretching vibrations of
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CH4 are considered. In the previous studies of these two reactions using a seven-dimensional Hamiltonian, the bending vibration of CH4 is included and the CH vibration in CH3 group
is frozen.32, 40, 46, 50 Zhang and co-workers have deduced an
eight-dimensional Hamiltonian and used it in a transition state
wave packet study.41 By comparing the eight-dimensional rate
constants with the seven-dimensional rate constants, these authors concluded that additional mode has no significant effect
on the reactions in the temperature studied.
Experimentally, recent studies have showed some interesting observations about the reaction from the asymmetric
stretching vibrational excited state of CH4 .5, 12 Zare and coworkers found a pronounced enhancement of the reaction rate
on the excitation of the asymmetric stretching vibrations of
CH4 in the Cl + CH4 reaction.5 For the H + CH4 reaction, they also found that this excitation enhances the overall reaction cross section by a factor of 3 ± 1.5 at a collision energy of 1.5 eV.12 Because only one stretching mode of
CH4 was considered in the previous seven-dimensional quantum dynamics studies, the reactions from the symmetric or
asymmetric stretching vibrational excited states are not distinguishable. Although previous four-dimensional quantum dynamics studies have considered the excitation of asymmetric
stretching mode in the calculations, high-dimensional Hamiltonian is still needed to provide accurate predication and
interpretation.
In this work, we proposed a new eight-dimensional quantum mechanical Hamiltonian. Comparing with the previous
eight-dimensional Hamiltonian,41 the new Hamiltonian is in
a simple form and easy to implement. This Hamiltonian will
be employed to investigate the H + CH4 reaction on the
Jordan-Gilbert (JG) potential energy surface.19 Although several accurate potential energy surfaces have been recently
constructed,38, 44, 50, 57 the JG potential energy surface is employed here to facilitate the comparison between this work
and the previous theoretical studies. Section II will describe
the details of the Hamiltonian and the basis functions and
Sec. III presents the results of time-dependent wave packet
studies of the reaction, together with comparison with the
previous results using a seven-dimensional Hamiltonian. The
conclusion will be given in Sec. IV.
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FIG. 1. (a) Cartesian coordinates and polar coordinates of CZ3 group;
(b) Jacobi coordinate system of the X + YCZ3 model.

is the bending angle between vectors r and S; and ϕ 2 is the
azimuth angle of the rotation of CZ3 around vector S.
Four frames were introduced to describe the angular coordinates and rotation of the system: the space-fixed
frame, the body-fixed frame (XYCZ3 -fixed frame), YCZ3 fixed frame, and CZ3 -fixed frame. The z-axis of the bodyfixed frame lies along the vector R and the vector r is always
in the xz-plane of the frame. The z-axis of the YCZ3 -fixed
frame lies along the vector r and the vector S is always in the
xz-plane of the frame. The z-axis of the CZ3 -fixed frame lies
along its symmetry axis, vector S, and the first Z atom is always in the xz-plane of the frame. The four frames form three
pairs of related space and body-fixed frames.
B. The model Hamiltonian

II. THEORY
A. The coordinate system

The eight-dimensional model originally presented by
Palma and Clary has been described in a Jacobi coordinate
system by us32, 40 and others.48, 50 As shown in Fig. 1, R is the
vector from the center of mass of YCZ3 to X and r is the vector from the center of mass of CZ3 to Y. The CZ3 group could
be defined with either polar coordinate system (ρ, χ )41, 50 or
Cartesian coordinate system (x, s).23, 24 Here, ρ stands for the
bond length of CZ and χ is the angle between a CZ bond and
vector S which is the symmetry axis of CZ3 ; x stands for the
distance between atom Z and the symmetry axis S and s is the
distance between atom C and the center of three Z atoms. θ 1
is the bending angle between vectors R and r and ϕ 1 is the
azimuth angle of the rotation of YCZ3 around the vector r; θ 2

By restricting the non-reacting CZ3 group in C3 v symmetry, the eight-dimensional model Hamiltonian for XYCZ3
system is given by
Ĥ = −

1 ∂2
1 ∂2
(Jˆtot − Jˆ)2
lˆ2
−
+
+
2μR ∂R 2
2μr ∂r 2
2μR R 2
2μr r 2

vib
rot
+ K̂CZ
+ K̂CZ
+ V (R, r, x, s, θ1 , ϕ1 , θ2 , ϕ2 ),

(1)

where μR is the reduced mass of the X + YCZ3 system and
μr is the reduced mass of Y + CZ3 . The first two terms are
the kinetic energy operators for R and r, respectively; Jˆtot
is the total angular momentum operator of the system. Jˆ is
the rotational angular momentum operator of YCZ3 and lˆ is
the orbital angular momentum operator of atom Y with revib
rot
and K̂CZ
are the vibrational and rotational
spect to CZ3 . K̂CZ
kinetic energy operators of CZ3 , respectively. Due to the
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symmetry required and the definition of the CZ3 -fixed frame,
no vibration-rotation coupling exists in this eight-dimensional
Hamiltonian. The last term V (R, r, x, s, θ1 , ϕ1 , θ2 , ϕ2 ) in
Hamiltonian is the potential energy.
The vibrational and the rotational kinetic operators could
be expressed explicitly with either (ρ, χ ) or (x, s) coordinate
system. The two operators defined with (x, s) coordinate system are written as23


1 ˆ2
1
1
rot
jˆ2 ,
K̂CZ =
j +
−
(2)
2IA
2IC
2IA z
vib
=−
K̂CZ

1 ∂2
1 ∂2
−
,
2μx ∂x 2
2μs ∂s 2

(3)

where jˆ is the rotational angular momentum of CZ3 and jˆz is
its z-component. The rotational inertia IA and IC are defined
as23


3
2mc
IA = mz x 2 +
s2 ,
(4)
2
mc + 3mz
IC = 3mz x 2 .

(5)

The reduced mass used here are μx = 3mz and μz
= 3mc mz /(mc + 3mz ). Although these operators defined have
simpler forms, the physical picture of (x, s) coordinate system
is not clear.
Expressing the vibrational and rotational operators with
polar coordinate system (ρ, χ ) could provide meaningful interpretation related to the vibrational state of YCZ3 or CZ3 . In
previous seven-dimensional Hamiltonian by further freezing
the stretching vibration of CZ bond, the rotational operator
vib
keeps its form in Eq. (2) with the rotational inertia IA
K̂CZ
and IC expressed as
3
IA = mz ρ 2 (sin2 χ + 2cos2 χ),
2

(6)

IC = 3mz ρ 2 sin2 χ .

(7)



∂
1
sinχ cosχ 1
−
+
ρ2
μx
μs ∂χ


sin2 χ
cos2 χ
∂2
1
+
− 2
2ρ
μx
μs
∂χ 2

with the integral element as ρdρdχ . This eight-dimensional
Hamiltonian with the kinetic operator has been employed in a
transition state wave packet study of the H + CH4 reaction.41
In this work, a new vibrational kinetic operator for CZ3
group is presented by transforming Cartesian coordinates
(x, s) into scaled polar coordinates (q, γ ). Starting from expression in Eq. (3), a new coordinate y is defined as


μs
mc
s=
s
(10)
y=
μx
mc + 3mz
and the vibrational kinetic operator is then expressed as
 2

∂
1
∂2
vib
(11)
KCZ = −
+ 2 .
2μx ∂x 2
∂y
This is exactly the kinetic operator for a two-dimensional Harmonic oscillator, which could be defined in the scaled polar
coordinates (q, γ ),

 2
∂
1
1 ∂2
1 ∂
vib
K̂CZ
(12)
=−
+
+
2μx ∂q 2
q 2 ∂γ 2
q ∂q
with the integral element as qdqdγ . Here q = x 2 + y 2 and
γ = arctan(y/x). In practical application, the basis function
√
for coordinate q is multiplied by a factor of 1/ q and the
vibrational kinetic operator is expressed as
 2

∂
1
1 ∂2
1
vib
K̂CZ
=−
+
+
(13)
2μx ∂q 2
q 2 ∂γ 2
4q 2
with the integral element as dqdγ .
The vibrational kinetic operator could be further divided
vib
= K̂qCZ + K̂γCZ , with
into two parts, K̂CZ
K̂qCZ = −

29, 31, 45, 49

While the vibrational operator is


cos2 χ
∂2
1
sin2 χ
vib
K̂CZ = − 2
+
2ρ
μx
μs
∂χ 2
1
+ 2
ρ



1
1
−
μx
μs



∂
sinχ cosχ
.
∂χ

K̂γCZ = −

(8)

While in the eight-dimensional Hamiltonian, the vibrational
kinetic operator of CZ3 group is expressed in a complex
form:41
vib
K̂CZ

1
=−
2



sin2 χ
cos2 χ
+
μx
μs



∂2
∂ρ 2


cos2 χ
sin2 χ ∂
+
μx
μs
∂ρ


∂2
1
sinχ cosχ 1
−
−
ρ
μx
μs ∂ρ∂χ

1
−
2ρ



(9)

1 ∂2
,
2μx ∂q 2

1
2μx q 2




∂2
1
.
+
∂γ 2
4

(14)

(15)

The coordinate q could be viewed as a parameter in Eq. (15)
and this operator could be viewed as the kinetic operator of
γ solely. The new CZ3 vibrational kinetic operator is much
simpler than the operator expressed in the polar coordinates
(ρ, χ ). However, this eight-dimensional Hamiltonian cannot be reduced to the seven-dimensional one because the
coordinate q does not correspond to the CZ bond whereas
the eight-dimensional Hamiltonian expressed in polar coordinates (ρ, χ ) could be reduced to seven-dimensional
√ by fixing ρ to its equilibrium value.32, 40, 41, 50 The factor μx /μs in
Eq. (10) could be viewed as a quantity to estimate the difference between (q, γ ) and (ρ, χ ). The values of this factor are
1.119 and 1.226 for CH3 group and CD3 group, respectively.
The vibrational state of CH4 and HCD3 can be readily assigned from their wavefunctions solved with the new kinetic
operator.

174113-4

Liu, Xiong, and Yang

J. Chem. Phys. 137, 174113 (2012)

vib
The new form of the vibrational kinetic operator K̂CZ
has following desirable properties: (1) It has a simple form
as the operator expressed in Cartesian coordinates (x, s).
(2) The scaled-polar coordinates have clear meaning as the
polar coordinates (ρ, χ ) and could facilitate the assignment
of the vibrational states of YCZ3 or CZ3 . (3) Comparing to
the polar coordinates (ρ, χ ), two scaled-polar coordinates (q,
vib
could be separated and thus oneγ ) in the new operator K̂CZ
dimensional potential-optimized discrete variable representation (PODVR) could be employed to reduce the computational cost.

C. Wavefunction expansion and initial state
wavefunction construction

The rotational basis functions used in this work have been
reported in previous works32, 40, 46, 50 and here only a brief introduction is presented. The parity-adapted rotational basis
function is written as
1
Jtot M K̄ (R̂, r̂, Ŝ)
2(1 + δK̄0 δk0 ) J lj k

JJtotlj kM K̄ε (R̂, r̂, Ŝ) =

M−K̄
(R̂, r̂, Ŝ)
+ ε(−1)Jtot +J +l+j +k JJtotlj −k

(16)
with K̄ = |K| and



2J + 1 ∗Jtot
=
DMK (α, β, γ ),
(18)
8π 2

2l + 1
j
JK
J
j ml0 | J m D̄mk
D̄Km (r̂)
Yj lk (r̂, Ŝ) =
(Ŝ).
2J
+
1
m
(19)
The time-dependent wavefunction is expanded in the parityadapted rotational basis functions as
cnJRtotnMKε
(t)GnR (R)Fnr (r)Qnq
r nq nγ J lj k

=
nR ,nr ,nq ,nγ KJ lj k

× (q)Hnγ (γ )JJtotlj kMKε (R̂, r̂, Ŝ).

(20)

(t) are time-dependent coefficients. nR , nr ,
While cnJRtotnMKε
r nq nγ J lj k
nq , and nγ are labels for the basis functions of R, r, q, and γ
respectively. GnR (R) are sine basis functions and are defined
as
GnR (R) =

ref

∂2
1
+
∂γ 2
4

ref


2
+ 2μx qref
vγref (γ ).

(24)

ref

While vr (r), vq (q), and vγ (γ , qref ) are the corresponding reference potentials and qref is a reference value of q to
define hγ (γ , qref ).
For a specific state (Jtot , M, ε), the wavefunction is propagated from an initial state wavefunction which is constructed
as the direct product of a localized wave packet G0 (R) and the
eigen function of YCZ3 of the specific state (n0 , J0 , K0 , p0 ),
where n0 , J0 , K0 , and p0 represent the initial vibrational state,
total angular momentum, projection of total angular momentum on the z-axis of the XYCZ3 -fixed frame, and the parity of
YCZ3, respectively. In general, G0 (R) is chosen to be a Gaussian function:


(R − R0 )2
exp(−ik0 R),
G0 (R) = (π δ 2 )−1/4 exp −
2δ 2
(25)
δ
are
the
center
and
width
of
the
Gaussian
funcwhere R0 and
√
tion; k0 = 2μR E0 ; and E0 is the central energy of the Gaussian function.
The rovibrational eigenfunction of YCZ3 , ψnJ0totJ0Mε
K0 p0 , is
expanded as
n J K p

ψnJ0totJ0Mε
K0 p0 =

dnr0nu0nγ0lj k0 Fnr (r)Qnq (q)Hnγ (γ )

2
nR π (R − R1 )
sin
.
R2 − R1
R2 − R1

M K̄0 ε
(R̂, r̂, Ŝ),
× JJtot
0 lj k

(17)

Jtot
D̄MK
(R̂)





hγ (γ , qref ) = −

nr nu nγ lj k

Jtot
JJjtotlkMK (R̂, r̂, Ŝ) = D̄MK
(R̂)YjJlkK (r̂, Ŝ),

Jtot Mε

and

which satisfies the following Hamiltonian:
ĤYCZ3 = −

2

hr (r) = −

1 ∂
+ vrref (r),
2μr ∂r 2

(22)

hq (q) = −

1 ∂2
+ vqref (q),
2μx ∂q 2

(23)

1 ∂2
lˆ2
rot
+
+ K̂qCZ + K̂νCZ + K̂CZ
2μr ∂r 2
2μr r 2

+ VYCZ3 (r, q, γ , θ2 , ϕ2 )

(27)

with the potential
VYCZ3 (r, q, γ , θ2 , ϕ2 ) = V (R = ∞, r, q, γ , θ1 , θ2 , ϕ1 , ϕ2 ).
(28)
D. Wave packet propagation and reaction
flux calculation

The wave packet is propagated using the split-operator
propagator:
(t + ) = e−iH0 /2 e−iU  e−iH0 /2 (t),

(29)

where the reference Hamiltonian H0 is defined as
H0 = −

(21)

The basis functions Fnr (r), Qnq (q), and Hnγ (γ ) are obtained
by solving one-dimensional reference Hamiltonians defined
as follows:

(26)

+

1 ∂2
ref
ref
+ href
r (r) + hu (χ ) + hq (q)
2μR ∂R 2
1
href (γ , qref )
2μx q 2 γ

(30)

and the reference potential U is defined as
U =

(Jˆtot − Jˆ)2
lˆ2
rot
+
+ K̂CZ
2
2μR R
2μr r 2
+ V (R, r1 , q, γ , θ1 , ϕ1 , θ2 , ϕ2 ) − vrref (r)
− vqref (q) −

2
qref

q2

vγref (γ ).

(31)
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The calculations of total reaction probabilities are exactly the
same as in the previous works.32, 40, 41, 50 For a specific initial
state for a whole energy range, the probabilities can be calculated from the time-independent wavefunction at a dividing
surface r = rs :
Pi (E) =

¯
Im(ψiE |ψiE )|r=rs ,
μr

(32)

where ψ iE and ψ iE are the time-independent wavefunctions
and its first derivative in r. The time-independent wavefunction ψ iE is obtained by a Fourier transformation of the timedependent wave packet:
 ∞
1
|ψiE  =
ei(E−H )t/¯ |i (0) dt
(33)
ai (E) 0

0.04
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(a)
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and the coefficient ai (E) is calculated from the overlap
between the initial wavefunction  i (0) and the energynormalized asymptotic scattering function φ iE :
ai (E) = φiE |i (0) .
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(34)

III. RESULTS AND DISCUSSIONS
A. Basis set

An L-shaped wavefunction expansion for R and r was
used to reduce the size of the basis set.26 A total of 80 sine basis functions ranging from 3.0 to 15.0 bohr were used for the
R basis set expansion with 24 nodes in the interaction region;
and 6 and 25 basis functions of r were used in the asymptotic
and interaction regions, respectively. For the vibration of CZ3
group, 4 and 5 basis functions were used for coordinates q
and γ , respectively. The size of the rotational basis functions
is controlled by the parameters, Jmax = 45, lmax = 27, jmax
= 18, and kmax = 18. After considering parity and C3v symmetry, the size of rotational basis functions was 32 164 and
the size of the total basis functions was 6 × 108 . The initial
vibrational states of CH4 for J = 0 were also solved using the
basis set above.
B. Total reaction probabilities

The total reaction probabilities are shown in Fig. 2
for nonrotating CH4 initially in (a) the ground vibrational
state (0,0,0,0) with the zero point energy of 4685.83 cm−1 ,
(b) the excited state of umbrella motion (0,1,0,0) with an excitation energy of 1286.42 cm−1 (0.160 eV), (c) the bending excited state (0,0,0,2) with an excitation energy of
2516.46 cm−1 (0.312 eV), (d) the symmetrical stretching excited state (1,0,0,0) with an excitation energy of
2821.17 cm−1 (0.350 eV), and (e) the asymmetrical stretching vibrational state (0,0,1,0) with an excitation energy of
2948.53 cm−1 (0.366 eV). This state is one of the triply
degenerate asymmetric stretching excited states in the fulldimensional model and a detailed discussion about this state
has been given by Palma and Clary.24
Figures 2(a) and 2(b) show the total reaction probabilities
as a function of the translational energy and total energy measured with respect to CH4 in the ground state, respectively.

Probability

0.04

0.03

0.02

0.01

(b)
0
0.4

0.6

0.8

1

1.2

1.4

1.6

Total Energy (eV)
FIG. 2. (a) The total reaction probability for H + CH4 reaction from the
(0,0,0,0), (0,1,0,0), (0,0,0,2), (1,0,0,0), and (0,0,1,0) initial states as a function
of translational energy; (b) Same as (a) except plotted as a function of total
energy.

From Fig. 2(a), one can see that all vibrational excitations,
in particular the symmetric stretching (1,0,0,0) and asymmetric stretching (0,0,1,0) excited states, enhance pronouncedly
the reactivity of the system. From Fig. 2(b), the symmetric
stretching excitation (1,0,0,0) is the most efficient one in enhancing the reactivity, with 0.202 eV out of 0.350 eV excitation energy deposited to be used to reduce the reaction threshold. The reaction from the asymmetric stretching excited state
is very similar to that from the symmetric stretching one,
with 0.199 eV out of 0.366 eV used. For the bending excited
state (0,0,0,2) about 0.109 eV out of 0.312 eV is used. For
the umbrella fundamental excitation (0,1,0,0), however, only
0.045 eV out of 0.160 eV can be used to reduce the reaction threshold. From the Fig. 2(b), one can see that only reaction from the initial ground vibrational state is important
at low energies, although all the excitations of CH4 enhance
reactivity.
It is interesting to compare the probability curves obtained in eight-dimensional calculations with that obtained in
seven-dimensional (7D) calculations.31 For the ground state
(0,0,0,0) and the umbrella excited state (0,1,0,0), the probability curves calculated with the 8D Hamiltonian are in good
agreement with that from the 7D study, indicating that the
additional coordinates in the Hamiltonian have minor effect

Liu, Xiong, and Yang

J. Chem. Phys. 137, 174113 (2012)

(0,0,0,0),8D
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(0,0,0,2),8D
(0,0,0),7D
(0,0,1),7D
(0,2,0),7D

0.05

0.04

Probability

on the two vibrational modes. For the bending excited state
(0,0,0,2), the probability curve is slightly shifted to higher
energy, implying that there exists coupling between bending
mode and the additional CH stretching mode in the reaction.
For two stretching excited states (1,0,0,0) and (0,0,1,0) in the
8D calculations, the probabilities are overall smaller than the
stretching state (1,0,0) in the 7D calculation. This may be explained as that the energy could transfer to the CH bond in
CH3 group and thus decrease the reactivity.
It is interesting to note that Palma and Clary had made a
similar comparison between the three-dimensional and fourdimensional models.24 Their study showed that the agreement
between the 3D/4D models is very good for the ground state
and the probability of 4D model is slightly larger than that of
the 3D model. They also showed that the reactivity enhancement from the stretching excitation in the 3D model is larger
than that from either the symmetric or asymmetric stretching excitations in the 4D model. As can be seen in Fig. 3(c),
the comparison for these stretching excitations between the
7D and 8D models also showed the same behavior. Moreover, they found that the sum of probability curves for two
stretching excitations in the 4D model agrees very well with
the probability for the stretching excitation in the 3D model
(see Fig. 8(c) in Ref. 24). Such an agreement has also been
found between the 7D and 8D model in a total energy range
from 0.5 to 0.7 eV.
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The ICS for a specific initial state is obtained by summing
the total reaction probabilities over all the partial waves:
(2Jtot + 1)PiJtot (E).
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Since the exact close-coupling calculations for Jtot > 0 partial
waves are expensive, the centrifugal-sudden (CS) approximation is employed in the calculations for Jtot > 0. The maximum value of Jtot needed to converge the integral cross section is Jtot = 50.
Figure 4(a) shows the integral cross sections for CH4 initially in five vibrational states as a function of the collision
energy. All vibrational excitations enhance the ICS and the
behaviors of ICS are very similar to those in the probabilities
(see Fig. 2(a)). The ICS as a function of the total energy in
Fig. 4(b) showed that the ground state energy dominate the
reaction at low total energy and the symmetric stretching excitation (1,0,0,0) and the bending excitation (0,0,0,2) make
prominent contributions to the reaction at high energy.
The ICS and the reaction probabilities given in Subsection III D show some oscillations at high energies and the
similar oscillations could be observed in the studies with results using the semi-vibrating rotor target model29 and the
seven-dimensional model.32 While in the recent study with a
new interpolated potential energy surface,36 the probabilities
showed a smooth decrease at high energies. For the (0,0,0,0),
(0,1,0,0), and (0,0,1,0) states, a platform could be found for
ICS curves starting from the total energy of 1.3 eV up to
1.8 eV. Similar behavior has also been observed by Zare

Probability

π
1
σi (E) =
2J + 1 2μE
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2
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FIG. 3. Comparison of the probabilities based on the seven-dimensional
model31 and the eight-dimensional model. (a) The comparison of total reaction probability for the reactions from (0,0,0,0), (0,1,0,0), and (0,0,0,2) states.
(b) The comparison of total reaction probabilities for the reactions from the
stretching vibrational excited states in collision energy. (c) The comparison
of total reaction probabilities for the reactions from the stretching vibrational
excited states in total energy.

and co-workers who found that the enhancement factor of
asymmetric stretching vibrational excitation is approximately
constant over the 1.52–2.20 eV collision energy range.12
Particularly at collision energy of 1.52 eV, the ICS for the
(0,0,1,0) state is 4.84 a0 2 while the ICS for the ground state is
2.94 a0 2 . The calculated value of enhancement factor is 1.64,
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FIG. 4. (a) Integral cross sections for H + CH4 reaction from the (0,0,0,0),
(0,1,0,0), (0,0,0,2), (1,0,0,0), and (0,0,1,0) initial states as a function of translational energy. (b) Same as (a) except plotted as a function of total energy.

which is in agreement with the experimental estimation of
3.0 ± 1.5.
D. Rate constants

The rate constant can be calculated from the cross
section:


 ∞
8kT 1/2
(kT )−2
Et exp(−Et /kT )σi (Et )dEt ,
ri (T ) =
πμ
0
(36)
or, equivalently, from the total reaction probabilities:
1/2

2π
(2Jtot + 1)
ri (T ) =
(μkT )3
Jtot
 ∞
×
exp(−Et /kT )PiJtot (Et )dEt .
(37)
0

Here, the rate constants are calculated directly from the total
reaction probabilities for the ground vibrational state and four
excited states and J-shifting approximation was employed
here.
The contribution to the thermal rate constants comes
mostly from the ground vibrational state in the whole range of
calculation temperatures. However, the contribution from the

ground state decreases smoothly with the increasing temperature. The contribution from (0,0,0,0) state is approximately
95% at temperature of 250 K and decreases to 37% at temperature of 2000 K. Among the four vibrational excited states,
the umbrella excitation (0,1,0,0) has the largest contribution
in the whole range of calculation temperatures.
The rate constants obtained here were compared with
the two previous theoretical results and four experimental
measurements (Fig. 5). The two theoretical results are obtained from previous seven-dimensional initial state selected
wave packet calculation32 and eight-dimensional transition
state wave packet calculation,41 respectively. Figure 6 showed
that the additional coordinates have negligible effect on the
rate constants, consistent to the previous eight-dimensional
transition state wave packet study.41 This result could be attributed to the facts that the ground state reaction makes
the most prominent contribution and the probabilities are almost the same in seven-dimensional and eight-dimensional
calculations.
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FIG. 5. The percentage of rate constants for reaction from five initial vibrational states.
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FIG. 6. The thermal rate constants in comparison with the seven-dimensional
initial state-selected,32 eight-dimensional transition state,41 and experimental
rate constants.1–4, 8
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IV. CONCLUSIONS

An eight-dimensional quantum mechanical Hamiltonian
for the X + YCZ3 system has been presented based on
a model proposed originally by Palma and Clary.23 In this
model, the non-reactive CZ3 group keeps a C3v symmetry in
reaction and the degree of freedom of the X + YCZ3 system is reduced to eight dimensions in which two coordinates
were used to describe the vibrations of the CZ3 group. In the
previous studies, the two coordinates are expressed as either
Cartesian coordinates (x, s) in reduced four-dimensional dynamics studies or polar coordinates (ρ, χ ) in reduced seven/eight-dimensional dynamics studies. This work deduced a set
of scaled polar coordinates (q, γ ) and presented a new eightdimensional Hamiltonian. The new Hamiltonian has several
desirable properties as: (1) It has a simpler form similar to that
expressed in Cartesian coordinates and is easy to implement.
(2) It could provide physical interpretation for the vibrational
states of YCZ3 or CZ3 as the Hamiltonian expressed in polar
coordinates (ρ, χ ). (3) Two coordinates of the CZ3 group are
separable and one-dimensional PODVR could be employed
to reduce the computational costs.
With the eight-dimensional Hamiltonian, the initial stateselected wave packet calculations have been performed for
the H + CH4 reaction on the Jordan-Gilbert PES. The total reaction probabilities and integral cross sections for reactions from the ground and four excited vibrational states of
CH4 are calculated. In particular, the symmetric/asymmetric
stretching excitations are included in the high-dimensional
initial state-selected dynamics studies. The calculated results
showed four interesting features: (1) The ground state reaction
makes a predominant contribution although all four excitations enhance the reactions. (2) By comparing the current results with the seven-dimensional calculated results, it showed
that the additional coordinates have a almost neglected effect
on the rate constants and have a minor effect on the probabilities for reaction from the ground state, the umbrella excited
state, and the bending excited state. (3) Two stretching excitations showed different dynamics behaviors and the symmetric
stretching excitation is superior in enhancing reactivity than
the asymmetric stretching excitation. (4) The vibrational excitation of the asymmetric stretching mode enhances the total
integral cross sections by a factor of 1.64 for the collision energy of 1.52 eV. This result is in good agreement with the
experimental estimation of 3.0 ± 1.5.12
Because all the vibrational modes of YCZ3 are considered, the new eight-dimensional Hamiltonian could be applied
in the study of a number of gas phase reactions, such as Cl
+ CH4 14, 15 and O + CH4 ,18, 40 and other dynamics studies,
such as the dissociation of CH4 on the metal surface.58–60 The
idea in deducing the Hamiltonian with a scaled polar coordinate system could also be extended to developing new methods for H2 + CH3 and H + NH3 reactions.
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