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ABSTRACT: The thermal rate constant of the O(3P) + CH4 → OH + CH3 reaction is
investigated with ring polymer molecular dynamics on a full-dimensional potential energy
surface. Good agreement with experimental and full-dimensional quantum multiconﬁguration time-dependent Hartree results between 300 and 1500 K was obtained. It
is shown that quantum eﬀects, for example, tunneling and zero-point energy, can be
eﬀectively and eﬃciently included in this path-integral based approach implemented with
classical trajectories. Convergence with respect to the number of beads is rapid, suggesting
wide applicability for other reactions involving polyatomic molecules.
SECTION: Kinetics and Dynamics
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the well-established small-curvature tunneling (SCT), largecurvature tunneling (LCT), and the microcanonical optimized
multidimensional tunneling (μOMT) methods7 but also the
recently implemented8 semiclassical transition-state theory.9,10
However, these semiclassical models are often unreliable in the
deep tunneling regime due to the multidimensional nature of
quantum tunneling.
A diﬀerent approach is based on the so-called ring polymer
molecular dynamics (RPMD) method,11 which is an approximate quantum mechanical method based on the isomorphism
between the statistical properties of a quantum system and a
ﬁctitious ring polymer consisting of a number of classical beads
connected by harmonic potentials.12 Its path integral nature
allows the inclusion of quantum eﬀects, while its classical
implementation endows it with favorable scaling laws. Recently,
it has been formulated by Manolopoulos and coworkers to
compute rate constants for chemical reactions.13,14 Speciﬁcally,
for gas-phase bimolecular reactions, the Bennett−Chandler
factorization15,16 was adapted for computing the RPMD rate
constants:17,18

ccurate determination of rate constants of gas-phase
bimolecular reactions is of central importance in modeling
kinetics of atmospheric1 and combustion systems.2 While
accurate rate constants can often be measured,3 theoretical
approaches are complementary with many additional beneﬁts.
For instance, experimental measurements of certain reactions
might not always be possible or reliable at the temperatures of
interest. In addition, an accurate determination of the rate
constant provides insights into the dynamics and mechanism of
the reaction and oﬀers a stringent test of the underlining
potential energy surface (PES), particularly in the transitionstate region.
Many bimolecular reactions, especially those in combustion,
involve the transfer of a hydrogen atom. As a result, these
reactions are aﬀected by many quantum eﬀects, such as zeropoint energy (ZPE) and tunneling, particularly at relatively low
temperatures. Ideally, the rate constant of such a reaction
should be determined using an exact quantum mechanical
method on an accurate PES.4,5 However, these methods are
only amenable to reactions involving a few atoms because of
their steep scaling laws with the number of degrees of freedom,
even when the most eﬃcient variant, namely, the multiconﬁguration time-dependent Hartree (MCTDH) method, is
used.6
Several approximate methods have thus been developed to
take into consideration these quantum eﬀects within the
framework of transition-state theory.7 Whereas ZPE can often
be included in the theoretical treatment with relative ease,
tunneling remains a diﬃcult issue. The approximate models for
treating tunneling through the reaction barrier include not only
© 2012 American Chemical Society

kRPMD(T ) = f (T )κ(ξ ≠)k QTST(T , ξ ≠)

(1)

where kQTST(T,ξ≠) is the rate constant computed from the
centroid-density quantum transition-state theory at ξ≠, namely,
the peak position along the reaction coordinate ξ. This static
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used in the previous 7D QD study of Yang et al.,36 the
MCTDH work of Huarte-Larrañ aga and Manthe,38 and
transition-state theory calculations.29 Two important features
of this PES are noteworthy: It is symmetric with respect to the
permutation of the four hydrogen atoms and the ﬁrst energy
derivatives are analytical, which allows accurate and eﬃcient
propagation of classical trajectories. We will report in a future
work the RPMD rate constants on the more recent ab initiobased PES of Czakó and Bowman.30
The RPMD calculations were performed using the
RPMDrate code.26 The RPMD procedure for calculating rate
constants of bimolecular reactions has been discussed in detail
in ref 26, so only the speciﬁcs are given here. Diﬀerent from
previous studies,17,18,22 the PMF was calculated with diﬀerent
window sizes. In the relatively ﬂat region, namely, the entrance
channel (ξ <0.75), larger windows (dξ = 0.08) with a small
harmonic bias force constant k = 0.34 (T/K) eV were used.
The transition-state region, where the free energy changes
drastically with the reaction coordinate, was covered with
smaller windows with a larger bias force constant (dξ =0.01 and
k = 2.72 (T/K) eV). In each window, the sampling was
performed for 5 ns, and longer propagation does not change
the results. In calculating the transmission coeﬃcient, 100 000
unconstrained child trajectories were propagated for 0.05 ps
with initial conditions sampled from a mother trajectory with its
centroid constrained at the transition-state geometry. All
calculations were performed with a time step of 0.1 fs.
Figure 1 displays the PMFs at 600 K obtained with one and
eight beads. It is clear that the PMFs are reasonably ﬂat in the

component is obtained from the potential of mean force
(PMF) along the reaction coordinate, which is calculated by
umbrella integration19 of the RPMD distributions in windows
along the reaction coordinate biased with harmonic potentials.
κ(ξ≠) is the long-time (t → ∞) limit of the ring polymer
transmission coeﬃcient, which represents the dynamic
correction. It can be determined from recrossing trajectories
with their initial centroids placed at the transition state. Finally,
f(T) is the electronic degeneracy factor. For the title reaction, it
includes the electronic and spin−orbit partition functions with
the following form:20,21
f (T ) =

3k(13A ) + 3k(23A )
3

3

5 + 3e−E( P1)/ RT + e−E( P 0)/ RT

(2)

where E(3P1) and E(3P0) are the energies of the upper spin−
orbit levels of O(3P)) relative to that of 3P2, with the values
158.29 and 226.99 cm−1, respectively. In addition, the
numerator in eq 2 was approximated by 6k(13A) as both
triplet Jahn−Teller states have similar transition states, but only
one (13A) was included in the calculation.
The RPMD approach has a number of distinct advantages.
First, it gives the exact rate constant in the high-temperature
limit as the ring polymer collapses to a single classical bead.
Second, it treats all degrees of freedom on an equal footing and
as a result is truly full dimensional. In addition, it does not
depend on the choice of the dividing surfaces, which is
important for large systems where the optimum dividing
surface is hard to locate. The PMF approach is also numerically
advantageous for large systems because no partition function
needs to be explicitly calculated. Finally, because it is
implemented with classical trajectories, it scales much more
slowly with the degrees of freedom than any quantum
mechanical methods and is thus applicable for much larger
systems. In fact, an RPMD calculation is roughly n times more
expensive than the conventional classical trajectory method,
where n is the number of beads in the ring polymer. The
RPMD approach has recently been applied to several
bimolecular reactions with impressive success.17,18,22−24 In
particular, it performed quite well in the deep tunneling regime,
a surprising phenomenon explained by the recent analysis of
Richardson and Althorpe.25 However, most previous work has
focused on atom−diatom reactions with only one exception: H
+ CH4 → H2 + CH3.18,26 To establish the applicability and
accuracy of the RPMD approach, we need tests on other more
challenging systems.
In this letter, we report the application of RPMD to a
hydrogen abstraction reaction involving six atoms. The O(3P) +
CH4 → OH + CH3 reaction represents an important initial step
in hydrocarbon combustion.27 Technically, this reaction diﬀers
from H + CH4 → H2 + CH3, which has recently been studied
using RPMD,18 in that the small skew angle for this “heavylight-heavy” system poses a signiﬁcant challenge for characterizing the tunneling and barrier recrossing eﬀects.28 Several fulldimensional PESs of this important combustion reaction have
been developed,20,29 including a recent one based on a large
number of ab initio points.30 The thermal rate constant has
been determined using canonical variational transition-state
theory with tunneling corrections,20,21,29 quasi-classical trajectory (QCT),31,32 reduced-dimensional quantum dynamics
(QD) methods,33−37 as well a full-dimensional MCTDH
method.38 In this work, we choose to use the analytical PES
́
of Espinosa-Garciá and Garcia-Berná
ldez29 because it has been

Figure 1. Potentials of mean force (PMFs) for the title reaction at 600
K with one (dashed line) and eight beads (solid line).

entrance channel and rise quickly when the system approaches
the transition state. The RPMD activation free energy (ΔG≠) is
15.7 kcal/mol, which is signiﬁcantly lower than the classical
free-energy barrier of 18.2 kcal/mol obtained with a single
bead. This diﬀerence apparently stems from the quantum
eﬀects, including both ZPE and tunneling. A similar lowering of
the activation free energy was observed at other temperatures.
In this work, we consider ﬁve diﬀerent temperatures, 300,
400, 600, 900, and 1500 K. To establish convergence with
respect to the number of beads, we ﬁrst carried out the RPMD
simulations with one bead per atom, which represents the
classical limit. Larger numbers, namely, 4, 8, 16, and 32, were
used until the rate constant converged. The rate constants
obtained with diﬀerent beads at diﬀerent temperatures are
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were suﬃcient with nmin ≈ 4, underscoring the fact that
quantum mechanical eﬀects become less important at high
temperatures.
It is also interesting to note that the quantum mechanical
eﬀects are captured mostly by the ﬁrst few beads. Indeed, the
rate constant at 300 K increases approximately 122 times when
the number of beads increases from 1 to 4, whereas it changes
only about three times from 4 to 32 beads. This is quite
important as it shows that the RPMD approach should scale
quite well with the size of the system.
In Table 1, additional information of the RPMD rate
constants is listed. As expected, the activation free-energy
(ΔG≠) increases monotonically with the temperature, underscoring the contribution from tunneling at low temperatures.
Interestingly, the position of the free-energy barrier (ξ≠) is
slightly less than 1.0, which indicates that initial dividing surface
deﬁned in terms of the breaking and forming bond lengths26 is
not optimum. However, barrier recrossing at the barrier top
(ξ≠) is still quite prevalent at all temperatures, as evidenced by
nonunity transmission coeﬃcients. Interestingly, κ decreases
with decreasing temperature, a phenomenon observed in
previous RPMD studies.17,18
The RPMD rate constants are compared in Figure 3 and
Table 1 with both experimental data and previous theoretical

collected in Figure 2. The classical rate constants form a perfect
straight line in the Arrhenius plot. As temperature decreases,

Figure 2. Convergence of RPMD rate constants with respect to the
number of beads.

quantum mechanical eﬀects become important, and a larger
number of beads is needed to converge the results.
It is well established that the number of ring polymer beads
for converged path integral calculations should satisfy the
following relationship:39
n > nmin ≡

ℏωmax
kBT

(3)

where ωmax is the largest frequency of the system. For the title
reaction, ωmax corresponds to the OH vibration in the product
region and is equal to 3725 cm−1.29 Interestingly, we found that
our results converge quickly with only a small number of beads,
which satisﬁes the criterion in eq 3. At the lowest temperature
studied here (300 K), for example, 32 beads were suﬃcient to
capture most of the quantum mechanical contributions while
nmin ≈ 18. At the highest temperature (1500 K), four beads

Figure 3. Comparison of the rate constants with experimental and
previous theoretical results. Expt. 1 and 2 are from refs 40 and 3.

results. It is quite interesting to note that the RPMD results
agree almost perfectly with the MCTDH values at all

Table 1. Calculated Rate Constants (cm3 molecule−1 s−1) from RPMD with Diﬀerent Temperatures and Comparison with Both
Experimental and Previous Theoretical Data
T (K)
Nbead
ΔG (eV)
ξ≠
kQTST
κ
kRPMD
MCTDH
7D QD
CUS/μOMT
expt. 1a
expt. 2a
a

300
32
0.526
0.984
1.04 ×
0.584
5.42 ×
5.81 ×
2.38 ×
8.50 ×
9.00 ×
5.50 ×

10−17
10−18
10−18
10−19
10−18
10−18
10−18

400
16
0.579
0.981
4.44 ×
0.615
2.29 ×
2.12 ×
9.05 ×
3.20 ×
3.40 ×
3.00 ×

600
8
0.679
0.978
1.98 ×
0.663
1.03 ×
1.07 ×
5.17 ×
1.60 ×
1.70 ×
2.00 ×

10−16
10−16
10−16
10−18
10−16
10−16
10−16

10−14
10−14
10−14
10−16
10−14
10−14
10−14

900
4
0.801
0.976
4.05 ×
0.719
2.26 ×
2.06 ×
1.16 ×

10−13
10−13
10−13
10−14

4.06 × 10−13
3.18 × 10−13

1500
4
0.807
0.974
8.00 ×
0.728
4.17 ×
-1.97 ×
4.30 ×
5.00 ×
6.00 ×

10−12
10−12
10−13
10−12
10−12
10−12

Experimental data were taken from refs 40 and 3.
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temperatures. Although it is expected that the two diﬀerent
implementations of the same quantum dynamical theory should
yield similar results, the perfect agreement between the two
might be fortuitous due to error cancellation because both
approaches contain some approximations. It is evident that the
7D QD results are signiﬁcantly smaller. Because contributions
from the lowest few vibrational states were included in the 7D
QD rate constant, the diﬀerence may be attributed to the
excited rotational states of the methane reactant, which were
not included in the scattering calculations.
From Figure 3 and Table 1, we note that the agreement
between the RPMD and the canonical uniﬁed statistical model
with the μOMT tunneling correction (CUS-μOMT) of
́
Espinosa-Garciá and Garcia-Berná
ldez29 is reasonably good.
Quantitatively, however, the CUS-μOMT rate constants are
higher than both the MCTDH and RPMD counterparts, except
for 1500 K, where they are quite similar. There are several
possible reasons for the deviations. At high temperatures, for
example, recrossing in this heavy−light−heavy system may be
prevalent, which is only partially taken into account in the
variational transition-state theory. However, the good agreement between the RPMD/MCTDH and CUS-μOMT results
at 1500 K seems to suggest that recrossing is a minor problem.
Below the crossover temperature (356 K for the title reaction),
the deep tunneling nature of the reaction rules out an accurate
account of the tunneling contribution by a semiclassical model.
Between the two limits, the overestimation of the rate constants
by the CUS-μOMT model is probably due to a combination of
errors in describing barrier recrossing and tunneling.
From the same Figure, it is clear that the RPMD results are
in reasonably good agreement with the experimental rate
constants.3,40 While reproducing the curvature of the temperature dependence of the rate constant at low temperatures, the
RPMD rate constants consistently underestimate the experiment. Because the PES was adjusted to give the best ﬁt to
experimental rate constant using the tunneling-corrected
transition-state theory,29 it is possible that this PES is still not
suﬃciently accurate. For example, the PES has an imaginary
frequency of 1549 cm−1 at the transition state, which is
signiﬁcantly smaller than the ab initio values of more than 2100
cm−1.29 A thinner barrier might facilitate more facile tunneling.
To summarize, thermal rate constants for an important
combustion reaction have been computed using the RPMD
method over a large temperature range. The agreement with
experimental results is reasonably good. In particular, it
reproduces the curvature in the temperature dependence of
the rate constant at low temperatures, apparently due to
tunneling. The agreement with previous MCTDH results on
the same PES is quite impressive but may be ﬁctitious. The
agreement with MCTDH results in this system, and the
agreement with exact quantum rate constants in other
systems,17,18,22,26 oﬀer strong evidence of the accuracy of the
RPMD approach. The variational transition-state theory with
semiclassical tunneling corrections seems to overestimate the
rate constants, presumably due to barrier recrossing and
inaccurate description of tunneling. Perhaps most importantly,
it is shown that only a small number of beads in the RPMD
simulations is suﬃcient to capture the quantum eﬀects in
reactions involving the transfer of a light atom, suggesting that
RPMD calculations are feasible on much larger systems.
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